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WEIGHTED WEAK TYPE ESTIMATES
FOR NON-INTEGRAL SQUARE FUNCTIONS

DARIO MENA, MARIA CARMEN REGUERA, AND LUZ RONCAL

ABSTRACT. We provide quantitative weighted weak type estimates for non-integral square
functions in the critical case p = 2 in terms of the A, and reverse Holder constants
associated to the weight. The method of proof uses a decoupling of the role of the weights
via a quantitative version of Gehring’s lemma. The results can be extended to other p in
the range of boundedness of the square function at hand.

1. INTRODUCTION

In the present paper, we are interested in quantitative weighted weak LP estimates for
non-integral square functions, ala [3]'. The study of sharp weighted estimates for classical
square functions, such as the intrinsic square function defined by Wilson in [21,22], has
been the source of copious activity in the last decade. Lerner produced the sharp estimate
in terms of the constant associated to the Muckenhoupt weight for the strong weighted L?
in [16]. However, the case of weighted weak LP estimates is still not completed. While
the case p # 2 is fully understood (see [7,11]), the existing estimate for the critical case
p = 2 is not known to be sharp. Given the intrinsic square function Syt and a weight w
in the Muckenhoupt class Az with constant [w]4, (as in (1.2) below), the following was
conjectured by Domingo-Salazar, Lacey and Rey in [7].

Conjecture 1.1. For w € As,

1/2
1S5 f | 2o S (W] (14 logy [w]a ) 111l 2w

and the estimate is sharp.

The most challenging part of this conjecture is to establish the sharpness of the estimate,
which is unknown to this date. In contrast to the conjectured estimate, it was established
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1By quantitative weighted estimate we mean a weighted estimate where the dependence on the charac-
teristic of the weight is explicit. Otherwise, the weighted estimates is qualitative.
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by Ivanisvili, Mozolyako and Volberg [14], that the logarithm can be removed from the
conjectured bound, if we consider the operator Siy acting on indicator functions.
Motivated by this conjecture, we look at quantitative weighted weak estimates at the
critical point p = 2 for a different class of square functions, namely the non-integral square
functions studied in [3]; the prototypical models for these operators are the Littlewood—
Paley—Stein square functions [19, Chapter IV] which are defined as
2dt>1/ 2
)

Gun@) = ([T Ive i@l a)” ane = ([l b

where L belongs to some class of elliptic operators. The study of such non-integral square
functions has special relevance due to its connection with the Kato square root problem [1].

In this paper, we consider non-integral square functions, which we will denote by S, in
a broader generality as defined, for example, in [4, pp. 4-5]. These square functions are
not necessarily bounded in the whole range of LP spaces, with 1 < p < co. Typically such
square functions are bounded from LP into LP for pg < p < qo and satisfy a weak estimate
at the endpoint pg for some pg, go such that 1 < py < 2 < gy < 0.

We are interested in finding the sharp constant for the weighted estimate

S: L*(w) — L**®(w),

which is known to hold for such square functions when w € A, /,, N RHgx, where gf is the
dual exponent of gp/2. See [3] for the qualitative strong estimate and [4] for the quantitative
one, from which the weak one follows trivially.

A weight w is a positive locally integrable function; we say that a weight w is in the
Muckenhoupt A, class for 1 < p < oo, and we denote it by w € A, if

p—1
[w]a, := sup ][wdu <][ w' d,u) < 00, (1.2)
Q cube JQ Q

where p’ = p/(p — 1) is the dual exponent of p. We say that a weight w belongs to the
reverse Holder class RH), for p > 1 if

1/p -1
[w]Rn, := sup (][ wP d,u) <][ wd,u> < 0.
Q@ cube Q Q

Our main result reads as follows:

Theorem 1.3. Let pg < 2 < qo. For any function f € L*(w), and weight w € A > ﬂRH(%O),
Po

we have
IS 2y < Clulyy [l e ([elin,g  [0]a) 1 1l
where
@ 11
ne([wlring (0] ) 2= ol 0 — (2 + logfula..) (1.4)
and 0 < e < A . The estimate is uniform in the weight.

24+ [190] 4 —1

1

As an immediate corollary by taking ¢ = EYTTRC I

, we have the following.



Corollary 1.5. Let pg < 2 < qo. For any function f € L*(w), and weight w € A > ﬂRH(%o),
Po
we have

ISz < Clolil [wlg, . n(wlrig s (05, [w]a) Il 2w).
0

where

n([wlrng 0], 0] ) = [w]e], [0 4 (0] A +log[w]a.,),
0
for some small v < i. The estimate is uniform in the weight.

Our result is the first quantitative weighted weak LP estimate for non-integral square
functions. Even for non-integral Riesz transforms, the quantitative weighted weak LP es-
timates are unknown, see [5] for the quantitative strong type estimates. We do not know
how to tackle the latter with our current techniques. There is a different type of result for
non-integral square functions at the endpoint py due to Nieraeth and Stockdale [17], where
weighted weak LP° estimates are replaced by mixed type estimates.

In order to understand the estimate obtained in Theorem 1.3, where the contribution
of [w]a,,, seems to be smaller than the contribution from [w]RHqg’ we need to say a few

words about the proof. We first reduce the problem by use of a sparse domination form for
the operator developed by one of the authors in [4]. Then, the proof strategy contemplates
a decoupling between the Ay, and the RHgx roles of the weight at hand. The need for
quantitative estimates of Gehring’s lemma for weights in the reverse Holder class (see [8])
appears very naturally. Gehring’s celebrated work asserts that a weight in a reverse Holder
class RHy, for some 1 < ¢ < oo, must also be in the class RH,4. for some small .

We can also provide weighted weak LP estimates for the non-integral square functions
when py < p < qo, p # 2, using a quantitative extrapolation result in this setting. It
would be of interest to know if there is an extrapolation argument that also decouples the
Muckenhoupt and the reverse Hélder roles of the weight. It would most likely lead to a
refinement of our estimates.

Section 2 contains the proof of the main theorem and the comparison with strong type
results. In Section 3 we consider the case p # 2.

Acknowledgments. We thank Kangwei Li for reading the first version of the manuscript,
and for providing valuable comments and suggestions.

2. PROOF OF THEOREM 1.3

2.1. Sharp reverse Holder inequality. We start by establishing some reverse Holder
estimates that are crucial to the problem at hand. They can be seen as a quantitative
version of Gehring’s lemma and they are deduced from sharp reverse Holder estimates
considered for w € A.

Below and in the following, we use the notation w(G) := [, w(z) dz. Moreover, through-
out this section, @ C R¢ denotes a fixed cube with sides parallel to the coordinate axes,
and M will denote the maximal function restricted to the dyadic subcubes of Q.
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Proposition 2.1. Assume that w = wlg. If w € RHg, for 0 <e < —2—— we have

T4 [wqo ]A -1

qO—i—s
wl e dg < 0+€ /w T .
!@/ @

Proof. We use the well-known fact that w € RHg if and only if w9 € Ay (see [20]) and
the sharp reverse Holder inequality from [13, Theorem 2.3] for the weight w? to obtain

1 " 1 " 1+e/qd
/ wh e dy < 2(/ w dx) o (2.2)
Q| Jo Q| Jg
for0<e<——%  Onthe right hand side of (2.2) we use the definition of w € RHg,
2d-+1 [0 ] 5 —1 0
which gives us the desired estimate. O

We now apply Proposition 2.1 to get the following lemma.

a5
Lemma 2.3. Let w € RHgr. For 0 <e < W we define
go— el (2.4)
do — 1
Then for E C @ we have
wi (E) (a5 +e)/6 (W(E)\ /¥
< 0 . 2.
o) S i () (2.5)
Proof. First we observe that, by using Proposition 2.1,
1 . 1/6 |Q\ 1/9 o 1/6
- (65-1)0 4 / +€d
w w a:
(w(Q)/Q ) (w(Q IQ!
1/0 qO+E
< 91/67,1@5+)/0 !Q\ / dx
<l ) (a
_ ol/07, 1(65+e)/0, \a5—1
=2 [w]RHqS <w>Q
; %(Q)
< 9l/6 (g5+e)/0 W ‘
>~ [w]RHqE; ’LU(Q)
Using this and Hoélder’s inequality we have
wi (E) 1 / 1 1 / -1 . V00 1 / 1/¢'
= W dw < (—— [ w %D gy —— [ 1gdw
w@ — w(@ /e <G ), ) (@ Q )
« %(Q) rw(E)\1/¢
< 9l/07,,5+e) /0 W .
<) (i)
Hence (2.5) holds.
O

Remark 2.6. We conjecture the following



Conjecture 2.7. If w e RH, and 1 < p < oo, for 0 <e Sqp W we have
RHp

+e
wPtede < p+a /w x p )
\Q|/ \Q|

The conjecture is based on computations, assisted by the software Mathematica, which
deal with the expression in [6, Theorem 3]; such an expression is valid for all 1 < p < oo and
gives the sharp value of ¢ in terms of [w]rn, and dimension d = 1. Unfortunately, the value
of € is not explicit in the characteristic of the weight (in [6, Theorem 3], the parameter ¢ is
defined implicitly in terms of their parameter t*), and therefore not useful for the purpose
of this paper. See also [18, Theorem 3.2].

If Conjecture 2.7 were true, the choice ¢ = cd,%x# in Theorem 1.3 would yield,

[wirg .
q,
instead of Corollary 1.5, the following inequality ’
1/2 1/2 - 5/2 1/2
1Sz y < Cllif] Tl bl i, ([l +loglwlan) 1l (28)
0 0 0
Let us recall the relation in [15]: if w € RHy;, then
* 1/q*
[qu]A 0 1/q8
- > L < 0
[w]Aoo = [w]RHqg - [w}AOO ' (29)
Applying (2.9) in (2.8), we get
1/2 1/2 - 1/2 1/2
1Sz < Cluldy, fwlih fwliag (]2 ((w]a +loglw]a) 1 £l )

which is a better bound than the one in Corollary 1.5. The conclusion is that a sharp
Gehring lemma with explicit information of € in terms of [w]ru, . would produce a better
0

quantitative estimate for the non-integral square function.

2.2. Some known facts and a sparse domination. We start by writing some elementary
facts as lemmas; their proofs are left to the reader. Let M, be the dyadic maximal function
defined using py averages over dyadic cubes.

Lemma 2.10. Let 1 < pg < 2. Then

1/2
| Mo Fll 2wy S 1014 1220 (2.11)
where w € Ay, and [w]a,,, s its associated constant.
The equivalence in items (1)—(3) below follows, for instance, from [9, p. 80, 1.4.14 (¢)].

Lemma 2.12. The following are equivalent: for 1 < p < oo,
(1) §() = LP(w) = LP>(w),
(2) S(o-) : LP(0) — LP>®(w), where 0 = w7,
(3) For every G C R™, there exists G' C G, such that w(G') > w(G)/4 and

(S(F0)% 1) S 11 3oy (@) /7.
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We will study the case p = 2, which corresponds to the critical case for the weak estimate
for the non-integral square function. Therefore, given G C R%, we need to prove that there
exists G’ C G with w(G’) > w(G)/4 such that

2 2
(S(fo) 2 10w) S 11220,
and we are interested in the explicit constant in terms of the weight.

Definition 2.13. Consider a system of dyadic cubes D. A collection of dyadic cubes A C D
is 1/2-sparse if there exists a disjoint collection of sets {Eqg : Q € A} such that for every
Q C A we have Eg C Q and |Eg| > 3|Q|.

Our starting point is the following sparse domination result contained in [4].

Theorem 2.14. [4, Theorem 1.7] Let py < 2 < qo and consider the non-integral square
function S. For any f,g € C(R?) there exists a sparse family A C D such that

(S1)%9) < e Y (1 Dhosallahasel@l,

QeA

uniformly in f,g, where g} = (%0)’ is the dual exponent of L.

Using the sparse domination result in Theorem 2.14 as a black box to prove Theorem 1.3,
it is enough to prove that given a collection of sparse cubes A and a weight w € Ay,  NRHgx,
where ¢ 1= (%0)/, we have

> o olicula aldl % Colulasy gl Ll Ly (219
Qe

where 7, is given in (1.4).

2.3. Proof of Theorem 1.3. We start with the following consideration: we denote by
M, 4 the maximal function, where the corresponding supremum is taken over the cubes in
the collection A. Let G be a subset of R?, we define G’ as

;o 12 I1flle2(0)
G =G\ {MpO,A(fa) > K[w]A2/mw(G)}, (2.16)

where K is a constant to be chosen. In fact, due to (2.11), we get that w(G’) > 2w(G) as
long as K is sufficiently large.
Due to the choice of G’ in (2.16), for all @ € A such that G' N Q # 0, we have

Hf” 2(o
(Folma < Kluliy, ~

We are now in a position to proceed with the following pigeonholing. For r,s > 0, and sets
F, G, we let

, (e <L

A= {Qe A oo~ Kr*[w]z@m%, teig~a) @
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where G’ is the set described in (2.16) and (f) f@ x)dx. We write A, =
UR2 1 Ar s ks where A, ;1 is the collection of Inaxnnal cubes in .Ar s and for k > 2, A, 5 is

the collection of maximal cubes in A, ¢\ Uk 1.,4r 5.
Let @Q € A, s. Choosing E to be equal to G'NQ in (2.5) and recalling (2.17) we conclude

(larw)gs . = (22|/Qlc:/wq5 d$) v = (wqgw(g;g)Q))l/qg (wqg?)y/qﬁi

(a5+e)/(043) (w(G’ N Q)) 7ag
W) 4% w —_—
< >qO,Q[ }RHq* w(Q)

1 €)/ (6 w A
(w)elw ]RE(Q*0+ O ((16)8)7%

AN

z_ﬁ —%
~ [w]gg® 2T (w)g. (2.18)
q

We are now in a position to prove (2.15). We will need two estimates. For the first one,
notice that

o w@< Y w{re@: My(lg) >27°})
QEA 1 Q€A1
<w({x: My(ler) > 27°}) < 2°w(G),

because M,,, which is the maximal function defined with respect to the measure w(z)dz,
maps L'(w) to LV*°(w) with constant independent of w. On the other hand, if Qo € A, 51,

QGAr,s QEAT,S QGAT s
QCQo QCQo QCQo
<2 ) / M(wlg,) <2/ M(wlg,) < 2[w]a,w(Qo).
QEA s
QCQo

Hence,
> w@ <wla, >, w(@) < [wla2w(G).
QEAT,S QEAT,S,I
Then we have

e
> ohualian)iold] =2 ¥ lula,,, 1o 20

QEAT,S

2~ EETD 1F1Z2
_ ( +€ 1) /* L
< 27 [w]a,,, [w ]RHq* gy ) Z (w)qlQ|
(G) QEAs

Z <1G’w>q3,Q’Q‘

QE-AT,S

2—F e s (1- A
< o2y w]RHqi(q0+ ) 28( 7 ) [w] 4 HfH%Q(o') (2.19)
q,

A2/po [

where we have used (2.18).
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We now produce the second estimate. For Q € A, ,, define a exceptional set Fg C Q
relative to A, s by
Eg:=Q \ U @

Q'CQ
Q' eAr s

The sparsity condition and the definition of A, s implies that (see [7, (4.1)])

<fU>P0,Q ~ <1EQfU>p0,Q' (2'20)

Let ¢(po) == 32 Thus,

2 < # 2_11(’;(113?671) _ﬁ 2
> (fohmallow)gel@l S 276 gy 72 78 Y (fo), o(whalQl

QEA, s @A

= 27 (]t 2 T [ul,, PR
EAr,s

< 275 ma [, Q%; (150 f)30,0(0) )0 Q)
EAr,s

= 29;5 [w];HZ%(ng 27% [w]Az/pO Q; (Kl?’ /Q 1EQ fpoap0/2ap0/2 d:c) 2/po<a>s;(1po),62|Q|
EAr,s

QEA s

2 e s
x *ap+e—1) T g7o®
< 29%5 [w]RHZ% ap+ 9 0'q) [w]A2/pO Hf”%g(a), (2.21)

where we used (2.18) in the first inequality, sparsity (2.20) in the second inequality, and
Holder inequality in the third one.

Therefore, in view of (2.19) and (2.21) we are led to estimate the sum (recall that 6 is
defined in (2.4), and there is an implicit ¢ depending on [w%]4__ in Proposition 2.1)

Do D (fohellaweel@l

r,5>0 QEAr,s

1 [ s
T T(qfte—1) —arx . _
5 Z 29q0 [w]RHZ% 95+ [w]AQ/p02 (9/q0 Hlln{2 2T25[w]Aoo, ].}”fH%Q(J)
r,s>0

o 2 @@ D — 5%
= 2% Hf”LQ(U) [w]RHq% 0 [w]A2/po ZQ 0 q;
s>0

% ( Z 27228 [w g + Z 1)
r>1(s+log[wa,) r<3 (s+log[w] a)

e
2 ag (ag+e—1)

_1_
= 2% | 1| )ty




9
% (Z 2" 7% > 2 wlay, + Y2 76 (s + log[w]AOO)>. (2.22)
520 7"2%(5+log[w],400) 520

On the other hand,

_1

Z2S_ﬁ ) 27 [w]a,, ~ Zfﬁ _ 2
oo T 1 9

20 r> L (s+loglw]an,) 520 2% —1
and
1 1
— 5 2% ~ 2%
2 V% 5 o %, 22 7% log[w] oy, = —— log[w]a.. -
s>0 (29% —1)2 >0 20745 — 1
Hence, plugging the above into (2.22), we obtain the following estimate
> {Fo)nollaw)g olQ)
QeA
1
1 22— 29/‘16 1
* (gn+e—1)
g 9845 [w}AZ/pO [w}RHZZ ) - < —— + 1+ log[w]Aw> HfH%z(a)
0 2% —1 \2%%5 — 1
1 1
1 2— 29/q6 29l‘16
; (@G +e—D
S 2l ol e (2 ogula, )11
0 2% —1 V2% — 1

Recalling our choice of 6, we have
I €
Oqy  aglas+e—1)

which is less than one, so we have
1

90'a3 <9/q*_qg(qé—|—€—1) 1

-1 ~V9=-——"—""~%
275 _ 1 c c

Altogether, we have obtained

2—#1 1

(ag+e—1)

S (Foualicrn)s alQl S ol ol 2 (£ -+ 1oglul. )1 B,
QeA

9% :
where 0 < ¢ < a1 The proof of Theorem 1.3 is complete.

2.4. Comparing with strong-type results. In [4, Theorem 1.8] the following strong-type
quantitative weighted inequality was deduced from the sparse domination in Theorem 2.14.

Theorem 2.23. [4, Theorem 1.8] Let pg < 2 < qo. For any sparse family A C D, functions
f,g¢€ Llloc(Rd), q € (2,q0) and weight w € Aqa N RH (a0 we have
PO q

2
S 12 509l a50lQl < Collwla .y - [wlri ) 1A 0w 191l Lo (o).
Hea D0 (q)
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uniformly in the weight and the sparse collection, where
1 (@)/ 1
a—po " q’ 2q5

The dependence of the above estimate on the weight characteristic is sharp.

*

} and o = w9,

V(q) = maX{

From Theorem 2.23, it can be deduced (see [4, Corollary 1.9]) that

2
112wy 22y S ()4, - [elr gy )7
PO 2

and, on the other hand, we have obtained

IS l2oequy < Cloli, Wl (ol 0B la la) Y21 o

where
* 1— * *
M(wlki, s [00] s, [W]4) 1= [l [05] 4 ([05] 4 + loglw] )
for some v < 1/4.
One may wonder whether the exponent in the weak-type estimate we obtain is smaller
than the exponent in the existing strong-type estimate. If we focus on the [w] 4, Jpe COMStant
and ignore the ¢-term in the weak estimate, the power for the strong-type estimate is

v(2) = ﬁ and the power for the weak-type estimate is % Clearly, the weak estimate is

constant. On the other hand, concerning

1
2—po
but now the power for the weak-type estimate is 1 — /2. In this case, it is not possible to
conclude which bound is smaller.

smaller than the strong one in terms of the [w]4,,,

the reverse Holder constant [w]RHq*, once again we have power for the strong estimate
0

3. RESULTS FOR p # 2

The method of proof we have used for the main theorem seems exclusive to the case p = 2.
One could obtain bounds for the other cases using a quantitative version of a qualitative
extrapolation theorem which involves the classes of weights A ¢ N RH( w0/, See [2, Theorem

PO q

4.9], and which we present in Theorem 3.4 below. Although these bounds, for p # 2, may
be smaller than the strong bounds in certain cases, we cannot assure this in general. We
can give the following estimates for the case p # 2.

Corollary 3.1. Let py < q < qo. For any functions f € LY(w), and weights w € Aa N
PO
RH(@)/, we have
q

3—v+ah

/ 1\ B(2.9) =
IS zaeiw) S ()™ Tl )™

’ / 1 , , B(2,q9)
< ([l ™+~ tog(wl P [l D) 1 ke,

a/po q0/9)’ q(’]‘ a/po

(90—q)(p—po) )

(@0=p)(a=po) - The estimate is uniformly in

for some small v < 1/4 and B(p,q) = max(1,
the weight.



11

3.1. Proof of Corollary 3.1. For the proof, we use extrapolation. First, let us recall some
properties of the classes of weights A, and RH;.

Lemma 3.2. The following properties of the weight classes A, and RH, are true.
(i) Forp € (1,00), a weight w will be contained in the class Ay if and only if w'? e

Ay. Moreover,
1—p/ p'—1
[w p]Ap, - [w]AP :
(ii) For q € [1,00]| and s € [1,00), a weight w will be contained in Aq N RH; if and only
if w* € Agq—1)41- Moreover,
max{(w]} , [wlkn, } < [w°la, 00 < (W], [w]kRn,- (3.3)

For 1 <py <2< qp<ooandpé€ (py,qo) define

o(p) = (?)/(; - 1) + 1.

The dependence of ¢ on pg and ¢y will be kept implicit. From the prev1ous lemma, we get
that a weight w will be contained in the class A ». ﬂRH(qo y if and only if w( »)" is contained
PO

in A¢(p) and it will be true that

a0 ys (B
Ay < ([w]Ap [w]rnH qo)/) o

A restricted range extrapolation result presented in [2] can be used to obtain LP(w)-
boundedness for the full range of p € (po,qo) and w € A z N RH(qO) directly from the

[w

L%(w)-boundedness for allw € A ¢ ﬂRH(qo) of a single index ¢ q € (po, qo) In the result in [2]

PO
the dependence of the bound on the weight characteristic [w(?) J4(p) 1s not stated. Through
inspection of the proof, by tracing the relevant constants, it is not difficult to see that the
extrapolation result has the following sharp dependence on the weight characteristic.

Theorem 3.4 (Sharp Restricted Range Extrapolation [2, Theorem 4.9]). Let 0 < py <
qgo < oo. Let F denote a family of ordered pairs of non-negative, measurable functions
(f,9). Suppose that there exists an increasing function @ and p with py < p < qo such that

for (f,9) €
110y < Cow S Lay ) gllirw)  for allw e Ap NRHay, (3.5)
Po »
for some o > 0 and C' > 0 independent of the weight. Then, for all po < q < qo and
(f,9) € F we have
1120wy < O T ay)*PD gl agy  for allw € As NRHa),
where B(p,q) = max(1, %) and C' > 0 is independent of the weight.

We remark that the quantitative version of the extrapolation theorem in [4, Theorem
2.15] is slightly less general than Theorem 3.4.
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Corollary 3.6. Let 0 < pg < qo < 00. Suppose that there exists an increasing function ¢
and p with pg < p < qo, and p < oo if gy = 00, such that for (f,g) € F,

qq y/
]

£ 1| zrvoe ) < Cop([w Ngllzra)  for allw € Ap NRHw) . (3.7)

Ap(p)
Then, for all po < q < qo and (f,g) € F we have
0\
£l oo oy < Clip([ws) J4500))* PPN gll Ly for all w € As NRHao), . (3.8)
Po q
Proof. The proof is by now well-known, see e.g. [2,10]. Given (f,g) € F and any A > 0,

define a pair of functions (f), g) where f\ = A xg, (s and Ex(f) = {f > A}. By using (3.7)
we have

I fxll e (w)y = Aw(EX(f))

3=

1 q0 \/
< Sl;p)\’w(EA(f))P = [1f | oo w) < Cop(fw'a” 14, 191 Lo ()

forallw € A» NRH 4. Now we apply Theorem 3.4 to the family F of pairs (fx,g), which
Po »

satisfy (3.5) with C' independent of A. After taking the supremum on A > 0, we obtain
(3.8), as desired. O

Proof of Corollary 3.1. We have, by Corollary 1.5, (3.3), and the fact that [w]a < [w]a
for all p € [1,00) (see, e.g. [12]),

P

1/2

1/2 1/2 1 .1/2 *
L P 5 4 =y - ) (0 PR S P ) PR

1 1,1

*. g% * 7*(5_%) w1 * 1 * 1/2
q q

< )% ) S0 ] ([wqo] A + %mg([wqa] A(¢<2))> 1£1 22wy (3:9)

3—v+qg

* 2q* * 1 * 1/2

Wl (10 + 108w age)) 1 2w

Now, Corollary 3.6 and Lemma 3.2 (ii) yields, for all pg < ¢ < qo,

, 1 , 13(2241)
(w1, + 5 o[ las)) I llzoc

3—7+qj
B(2q) s
0

1Sl roeuy < @], "

(w0/a)' [ 1(a0/a) P20 e
S ([M]X;)/:o [w]fg%zo/q)') B

B(2,9)
(a0/a)'1, 1(a0/q) - (qo/a)' 7, 1(q0/q)’ 2
x <[w]Aq/po [w]RH(Qo/q)’ * QS log([w]Aq/Po [w]RH(QO/Q)’)) ”fHLq(w)’

which gives the desired bound. O
Remark 3.10. Notice that in (3.9) we have controlled our bound by a worse one to be able

to apply the extrapolation theorem. This is precisely why we get weak type bounds which
are worse than the strong ones for certain p’s.
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